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SYDNEY BOYS HIGH SCHOOL

MOORE PARK, SURRY HILLS

2009
YEAR 12
ASSESSMENT TASK 2

Mathematics Extension 2

General Instruction

Reading Time — 5 Minutes
Working time — 120 Minutes

Write using black or blue pen.
Pencil may be used for diagrams.

Board approved calculators maybe
used.

Each Section is to be returned in a
separate bundle.

Marks may NOT be awarded for
messy or badly arranged work.

All necessary working should be
shown in every question.

Answer in simplest exact form
unless otherwise instructed

Examiner:

Total Marks - 105
* Attempt questions 1-6

s Hand up in 3 sections clearly
marked A, B & C

C. Kourtesis



Section A — (Start a new Booklet)

Question 1. (22 marks)

(a)

(b)

(c)

(d)

(€)

Find (i) j

x2+16
(ii) [xe*dx

Simplify (L5 +2i)2—1)

Find the value of k if k is real and i+ ki

- 1s purely imaginary

It is given that |z|2 =z +Z. On an Argand diagram sketch the locus

of the point P representing the complex number z.

i) Factorise z° —1 over the real numbers

ii) Solve z® —1 over the complex numbers, expressing the
complex roots in the form a +ib where a and b are real.

iiij ~ Hence solve z° —9z° + 8 =0 over the complex numbers

The polynomial 16x* —12x” +1 has a zero of multiplicity 2. Find all
the zeros of the polynomial

Find the gradient of the tangent to the curve x* + xy +2y* =28 at
the point (2, 3)

If o, B and y are non-zero roots of x° + px+q =0 find the cubic

equation whose roots are ™', 7,5}

End of Question 1.

Marks



Question 2. (19 ma_rks)

(a)

(b)

X

Consider the function f(x)= €
X

1) Find the coordinates of any stationary points and determine
their nature.

1) Find the equations of any asymptotes.

11}  Sketch the graph of y = f(x)

2
. . +x+1
‘Consider the function f(x)= X rxre
x
i) Find the equation of any asymptotes.
ii) Determine whether there are any intercepts with the

coordinate axes.

iii)  Show that there is a minimum turning point at x= 1 and a
maximum turning point at x ="-1.

iv)]  Sketch the graph of y = f (x).

2
Consider the function f(x)= x3(x +5)

i) Find the coordinates of the critical points and determine their
nature.
1) Find f"(x)and test for any points of inflexion

11i)  Sketch the graph of y = f(x)

End of Question 2.

Marks



Section B — (Start a new Booklet)

Question 3. (16 marks)

(a)

ii)

i)

A particle moves in a straight line, Prove that its acceleration

X at any instant is x=vav where x denotes its position

coordinate and v its velocity.

A particle of mass m is projected vertically upwards. If the air
resistance at any instant is given by mkv where v is the
velocity and k a positive constant, briefly show with the aid
of a diagram why the acceleration X is given by

: X =—g+kv)
where g is the acceleration due to gravity.

If the particle is projected vertically upwards with initial
speed U prove that the time T taken to reach the maximum

heightis given by T = %loge {1 + k—U}
g

Prove that the maximum height H of the particle is given by
kH=U-gT

Show that the speed W with which the particle returns to its
g+kU}

point of porojection is given by k(U + W) =glog, |:
g-—kW

End of Question 3.

Marks



Question 4. (15 marks) , Marks

(a)

(b)

The base of a certain solid lies in the xy — plane and is bounded by 4
the curve y = x? and the line y = 4. Every cross—section

perpendicular to the y axis is a square. Find the volume of the

solid.
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The circle x? + 32 =9 is rotated through 360° about the line x= 7 to
form a ring. When the circle is rotated the line segment AB at
height y sweeps out an annulus. The x coordinates of the end

points of AB are ~x, and x, where x, =9 -y*.

) Show that the area of the annulus is 3
28749 — y?
i) Find the volume of the ring. 2

Question 4 continues on the next page.



(c) The region in the first quadrant bounded by the curve y = cos x and

the lines y =1 and x = Z is revolved about the line x = g

i) Use the method of cylindrical shells to show that the
resulting volume Vis given by

z

V= ij(lmcosx)(g—x)dx

ii) Using the theorem j flx)dx = J. fla—-x)dx or otherwise show
0 4]

2

that V = zn(%—lJ

End of Question 4.



Section C — (Start a new Booklet)

Question 5. (16 marks)

Marks

(a) The graph of y = f(x) is sketched below. There is a stationary point

at (0, 1).

Use this graph to sketch the following, showing essential features in

each case:

i) y=-f(x)

i) y=|fx)

i) y-r(Z]

V) y=——
70

Question 5 continues on the next page.



(b) 2

Let z = COSZ—”-I-iSin—
7 7

i}  Find z’

ii) Plot, on the Argand diagram, all complex numbers that are
solutions of z" =1.

iii) Showthat z°+2z°+z+1+2z'4+2z2+2z7=0

iv)  If kis a positive integer show that 2* + z7* = QCOSQ:—ﬁ

V) Hence, or otherwise, show that cos g - 00327"rr + cos 37_7r = %

End of Question 5.



Question 6. (17 marks)

(a) Beach volleyball is played with two teams where each team has two

(b)

players.

i) In how many ways can four players be grouped in pairs to
play a game of beach volleyball.

1i) The eight members of a beach volleyball club meet to play two
games at the same time on two separate courts. In how many

different ways can the club members be selected to play these
two games?

The diagram shows the graph of the function f(x)}=(nx)? for x>1.
Pis a point on the curve such that the tangent to the curve at P
passes through the origin.

1) Find the coordinates of P.

11) Find the set of values of the real number k such that the
equation f(x)=kxhas two distinct real roots.

Prove that the equation x* —5ecx+1=0 (c <0) has only one real root
which is negative.

Question 6 continues on the next page.

Marks



Let u, =

(tan™ 2x)*
1+4x*

Qe b | —

Where n is a positive integer.

T

n+l
Show that u, = (—J . 1
4 2(n+1)

Hence or otherwise show that

2n%+n 1
U, XU XU, XU KXo o XU =|— ——
0 1 2 3 2n-1
i (4} 2% (2n)!

End of Question 6.

End of the Examination.



STANDARD INTEGRALS

jx"dszx"“, n#—1; x#0,ifn<0
n+l

labc=ln.7c, x>0
Jx

r
ax

e’“dx:le ,az0
a

[ 1.
cosaxdx=—sinax, a #(

) a

{

. 1
sinaxdx=-——-cosax, a=0
J a

]

[ sec’ axdx=—tanax,
a

;

. .
secaxtanaxdx =—secax, a#0
J a ‘

1 1 x
- 2a!x=--—-tar1_1—, a#0
Ja +x a a

[ 1

P X
dx=sin" -—, a>0, —a<x<a

\/_
_J\/i ( xz—az),x>a>0

[ ot 2)

NOTE: Inx=log,x, x>0
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2009 Mathematics Extension 2 Assessment 2: Section C solutions

5. (a) The graph of y = f{z} is sketched below. There is a stationary point at (0, 1).

Y

Use this graph to sketch the following, showing essential features in each case:

i)y y=—f(x)
Solution: ;y
1 o
/
' — :
i) y=|f(z)l
Solution: v
T 2




M) y=7r (2)
Solution: Y
] -
V) y= ——
0
Solution: Y
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2 2
(b) Let z = cos 7'” +isin ?ﬂ

i) Find 2"

;
27
Solution: 27 = cis7 ,

cis 27, by de Moivre’s theorem,
= 1.

it) Plot, on the Argand diagram,

all complex numbers that are Jm

solutions of 27 = 1. . z”
Solution: z

ili) Show that 22 + 22 L2 4+ 14271+ 272 278 =0,

Solution: 27 —1 = 0,
0= (=D + P+ 221,
Soz=lorzf+29+28+23 422+ 24+1=0.
Hence, dividing the complex part by 2%,
Bl retlrz 422428 =0),

2kw
iv) If k is a positive integer, show that 2% + ™% = 2 cos 7
2k 2k
Solution: z¢ = cos % +isin ﬂ
—k —2kr . —2km
2z = COS +28m =
2kr . 2kw
= cos—— —isin .
7 7
Adding, z* 4+ 2z7% = 2¢os gwf:;zr.
. 2 3 1
v) Hence, or otherwise, show that cos% — €08 7” + cos TF =5
Solution: From (iii) above:
R R oL S S S R RECR N
6 4 2
2cos——7’£ -1-2(305—7?—r + .‘Zcos—frE +1=0,
o 2 47 6 1
— COS ~—- — €0S§ — — €08 — = —,
7 7 %
wcos—w+cos§~»7:'~+cosz = -
i.e cosﬁj 52W+c 3; %
ie. — —cos— +cos— = —.
7 7 7 2

o]

=)



6. (a) Beach volieyball is played with two teams where each team has two players.

i) In how many ways can four players be grouped in pairs to play a game of beach volleyball?

Solution: METHOD 1—

The number of ways of choosing 2 from 4 is 4Cs = 6.
If the players are A, B, ' and D, then (A, B) « (C, D)
is the same as (O, D) « (A, B).

o1 4 —
.5)(02— s

ot o

METHOD 2—
One player can have three possible partners leaving the other two as the

other team.

.. 3 selections.

i1} The eight members of a beach volleyball club meet to play two games at the same time
on different courts. In how many different ways can the club members be selected to play
these two games?

Solution: METHOD 1—

There are 4 groups of 2 to be selected, ’ )
() x () x () x (3)

4l ’

. number of combinations =

= 1085.
Let (A, B), (C, D), (E, ), (G, H) be one set of combinations.
Now (A, B) can play any 3 of the others, leaving the other two pairs to
play each other.
. 105 x 3 = 315 different selections.
METHOD 2—
One player has seven possible partners for his team, then five for the
next and then three.
. 7 x5 x 3 =105 possible teams.
One team can play any of three teams leaving the other two for the other
court.
. 105 x 3 = 315 different selections.

%
~ Q“m\)

The diagram shows the graph of the function f{z) = (Inz)? for = > 1.
P is a point on the curve such that the tangent at the point P passes through the origin.



1) Find the cobrdinates of P.

Solution: flz) = (Inz)?,

2
f'(z) = =.Ilnz =k at P (intersection of f(z) with kxz),
T

2
y— (Inz,)? = —.Inz,(z — x,) is the tangent at P.
z

This passes through the origin when
(Inz,)? ~2lnz, = 0,
te, Inzy=0o0r Inz, = 2,
Clearly P is not at (1, 0), .. Pis (&2, 4).

ii) Find the set of values of the real number %k such that the equation f(z) = kx has two
distinct real roots.

Solution: At P, k= 6;42; at (1,0), k=0,

4
L 0<k< =
(c) Prove that the equation 2° — Sex + 1 = Q (¢ < 0) has only one real root which is negative.

Solution: P(z) = 2% —~3cx+1 =10,
P'(z) = 5z - 5ez,
= 5(z* —¢),
> Qase< 0.
.. Slope is always positive so the equation has only one real root.
MerHOD 1—
Now, if the root is positive, z° > 0, —5cz > 0,
o x2® —Bex+1l>0foralzz=0.
i.e., there is no root where z = 0.
Hence the root must be negative.
METHOD 2—
When z =0, P{z) =1, and as the slope is always positive (see above),
the root must be negative.

One student (unsuccessfully) attempted an interesting graphical approach:

Plot y = 2® and y = —c2 for some arbitrary negative ¢,
' then ' and .
add raise
them by 1 .

It is clear that the sole real root is negative.




z (tan—! 2z)"
d) Let u, = —_
(d) Let un fo 1+ 422

T il
i} Show that u, = (%) o

1

n+1)

dx, where n is a positive integer.

H (tan™—* 2z)"

Selution: METHOD 1 (simple substitution)—

Put w = (tan™!2z)",

Up = de, Put y = tan™!2
I A VE Tr
2 /s ’ Whenz =0, y=0,
LTy r= i y=1
T2 n+1],
Tyl 1
B (Z) 2n+1)
METHOD 2 (integration by parts)—
1 1
+ ] 9 n+l733z 3 ] n
. {tan™! 2z) —n/ (tan™! 2z) iz,
P o S 1+4n?
1 gyt u =
- e
2 o
1 smy il
(vt D= 5 (3) v
e+l 1
Un —
(4) 2n+1)

n{tan™! 2z)" 1 dz

1+ 4x2

il} Hence or otherwise show that

2n +n 1
U{]XulXUqugX"'Xugn_l‘—‘(z) m
] w1 21 w33 1 w4l w2 1
Solution: LHS. = 2.5 x (7) 3% (§) 5 (§) g = (3) -(zxzn)»
N 1243444420 1\ 1
_(Z) x(i) *T234x - xon
2
Now 14+2+3+4-+ - +2n= —”(2n+1)
= 2n + n.
T 2n2+n 1
~ LHS = (- ———— == R.I.S.
(4) X P (amy — ALS




